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ADDENDUM

The BrsT operator of U, (sl(2)) and real forms

P D Jarvisi§, R C Warner{, C M Yungtli and R B Zhangl§

T Department of Physics, University of Tasmania, GPO Box 252C, Hobart Tas 7001, Australia
1 Departments of Mathematical and Theoretical Physics, IAS, Australian National University,
GPO Box 4, Canberra ACT 2601, Australia

Received 16 November 1993 . -

Abstract. In a previous letter a nilpotent BRST operater (3, was constructed for the g-
deformation of the universal enveloping algebra of s1(2). The present addendum resolves issues
of non-umigueness in the construction of the BRST operator by imposing additional structure
associated with real forms, and corrects a misprint in the previous work.

The question of whether g-deformed symmetries can be used in constructing theories with
local gauge invariance is naturally treated in the framework of non-commutative differential
geomety {1]. However, the view that the form of an eventual g-gauge invariant theory
should be essentially determined by the constraint structure associated with quantization
suggests that generalizations of the geometrical structure of BRST invariance should also
provide insights [2]. From this perspective the work of Kunz et al [3] has provided an
algebraic realization of the Woronowicz [4] cohomelogy™.

An independent study of a g-deformed BRST cohomology was given in [5], which
forms the basis of the present comment, Assuming a quantum group symmetry to lead
to a (Jocal) deformed constraint algebra®, the construction considered a zero-dimensional
analogue for the case of three constraints, adopting the structure of the Drinfeld [6] s, (2)
algebra. A nilpotent BRST operator {, was constructed, an associated operator R, such
that {Q4, Ry} = C; was introduced, with C; the g-deformed Casimir invariant, and the
resulting BRST cohomology of U, (s(2)) representations discussed.

As pointed out subsequently by Dayi {10}, and illustrated with several examples, the
¢-BRST construction is not unique because of the arbitrariness in choices of constraint, all of
which tend to the usual s1(2) algebra in the limit ¢ — 1. The present addendum provides a
more complete discussion of the non-uniqueness of our algebraic construction of the BRST
operator in the g-deformed case. The freedom of choice of constraints is in fact resolved
if further algebraic structure is imposed via the existence of an adjoint operator associated
with a real form of the algebra. In the light of this analysis we make further comments
below on the work of Dayi [10}, and also correct an error in our previous letter (cf (13)
below and (9} of [3]).
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* For other approaches to g-deformed quantization see for example Fei and Guo [7] and Majid [8].

* For an approach based on 2 loop space formulation see Miallet and Nijhoff [9).
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For completeness a brief recapitulation of the algebraic framework (cf [5]) is given.
Specifically it is assumed for sl,(2) that the constraint algebra is generated by e, f and, in
the most general case to be treated here, an arbitrary function A(%), where [6)

[e, f1=1[A],
[, €] =2¢ (H
(h, f1==-2f
with
g -9
g-q7"
Correspondingly to e, f and k are associated with the ghost generators ¢t, ¢~ and ¢®
respectively, which satisfy the standard fermionic anticommutation relations with their
antighost counterparts {c, ¢} = 1. In this respect the treatment differs from that of [3] (where
g-deformed ghosts are required as part of the geometrical formalism), but is consistent with
[10].

Let the BRST operator O, be of the general form

Qg = ec™ + fe* + AR + B(h)e ¢~ + Clietctc®

+F ) cte™ + E(r)etecte O 2
involving arbitrary functions A, B, C, F and E. Correspondmgly the ghost number —1
counterpart R, is taken as
Ry=eft + f&~ + IR + KW ¢~

+M ROt + N(hete @ + Lk)eTecte™ (3)
with arbitrary functions J, K, L, M and N. In order to consiruct a BRST cohomology it

is natural to demand nilpotency of Q, and R,, which is sufficient to determine [11] the
coefficient functions in terms of the leading coefficients A(k) and J{&). From (2)

B(h) = A(h +2) — A(R)

ChRY=Ah —2)— A(R)

ER)=A(h+2) —2AHh) + Ath —2)

F(h)A(h) =[h],
as emphasized in [10], it is a matter of dynamics as to which constraint function will be
the most naturalf. The special cases A(h) = [%], (see [5]) and A(R) « [A/2], or A(R) x &
(see [10]) have already been considered. Correspondingly from (3), the conditions are

EKy=Jh+2)— Jh)

M) =Jth—-2)— J(h)

L =Jh—-2-2JR)+J(h+2)

JRIN ) = —[k],.
Further algebraic structure can be imposed by demanding that W = {Q,, R;} be the BRST
completion of the Casimir operator

[xiq =

)

(3)

Cq = fet[3hll3+ 1), 6)
of the algebra; that is the additional requirement
W = C,; + (ghost terms) )]

{ In the ¢ — I limit the standard construction with A(#) — h is reguired
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is required. This condition (7) gives the additional constraint

AT (B = 2[ AL,[L (b + )], — (R, (8)
Coupled with suitably defined inner products, this additional structure allows [12] the
algebraic analogue of the Hodge decomposition theorem to be established, and the
cohomology to be related to invariants of the representations. Specifically these results
obtain for unitary representations of the algebra which admit an adjoint operation ( * )
associated with an involutory anti-automorphism, that is, corresponding to a real form of
the algebra. In the case of U,(sI(2)) we have [13] three possibilities:

) U;cu@2)=~Uss03))(geR): h*=h, e =f f‘=e

)y Ugsu(l,1))(geR): R*=h, e =—f [f*=-e¢ ()]

(i) U,GIE,RY) (gl=1: R =—-h, e*=—e, fr=-—f
For each of the cases (i) to (iii), the conjugation * is extended consistently to the ghost
sector, such that O, and R, are nilpotent (see (4) and (5)), their anticommutator is a BRST
completion of the Casimir C,; (see (6)), and R, = @,

Note first that A(k) and J (k) can only be defined up to rescaling by a non-zero complex
number A, since any such redefinition may be absorbed by an auwtomorphism of the algebra
of ¢? and ¢® (multiplication by A and ™!, respectively). For cases (i) and (ii) the first two
terms of (2) and (3) lead to ¢ = £* and ¢** = —*, respectively, while the structure of
the third terms yields ¢® = &° and J(#) = A(h)* after taking into account the rescaling
freedom. For case (iii} the same considerations lead to ¢** = —&¥F, ¢® = &° but now
J(h) = A(—h)*. Using these results and rewriting the right-hand side of (8), the final
condition is

@, @ ABA®D* =@+ AL, a0)
@) AMARY = (g +q DLk
Interestingly an acceptable solution for all three cases can be found, namely

A =+/g+g! [%h]q (11)

which is precisely the solution found independently by Dayi [10].

This solution is different from that of [5] because there no discussion of real forms or
conjugation was given, and it was assumed that the anticommutator of @, and R, gave
precisely the Casimir invariant C; of (6), with no ghost terms, that is

{Qs, R} =C,. (12)
In fact there is a misprint in the solution (9) of [5] for R,; the correct expression reads

Rf2 _ o -h[2 -1 By _ _—kn
. fR— ~t g q qg+4q ~0 qg: g ? Ot +
famfeher s (q"/2+q""2) [(q —4‘1)C * ( -1 +q-%+1) cee

q'i
k .1
q§+1 _q—'i—l O

2g*— ™) e a°c+c-} (13)

@ g @ r g
For the cohomology of Qg, the conclusions of [5] remain valid, that for g a root of
unity, the existence of indecomposable representations with vanishing Casimir leads to the
possibility of non-singlet, non-gauge-invariant physical states at ghost number zero. With
the results of the present letter, this analysis can be extended to arbitrary ghost number and
to representations of the real forms of the deformed algebra.



1790 P D Jarvis et al .

References

[1] Castallani L 1992 Phys, Lett. 292B 93
[2] Watamura S 1992 Bicovariant Differential Calculus and g-Deformation of Gauge Theory Preprint Heidelberg
HD-THEP-92-45/TU-418
[3] Kunz J, Maglanka P, Giler S and Kosifiski P 1991 J. Phys. A: Math. Gen. 24 4235-39
[4]) Woronowicz S 1987 Publ. RIMS (Kyoto) 23 117; 1987 Commun. Math. Phkys. 111 813; 1989 Conumun. Math.
Phys, 122 125
[53] Jarvis D P, Roland Warner C, Yung C M and Zhang R B 1992 J. Phys. A: Math. Gen. 25 L895-900
[6] V Drinfeld G 1986 Proc. Int. Conf. Math. (Berkeley) vol 1, pp 798-820
[71 Fet 3-M and Guo H-Y 1991 J. Phys. A: Math. Gen. 24 1-10
18] Majid S 1988 Class. Quantum. Grav. 5 1587-606
[9] Miallet I M and Nijhoff F 1989 Phys. Lex. 229B 71
[10] O Dayi F 1993 BFv-BRST Analysis of the classical and quantum ¢-deformations of the sI(2) algebra Preprint
IC/93/5 (Jan 1993)
[11] Mathematica 1988 (Wolfram Research)
[12] van Holten J W 1990 Nucl. Phys. B 339 158
[13] Ruegg H 1993 g-Deformation of semisimple and non-semisimple Lie algebras Preprint UGVA/DPT 1993/02-

806



